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Abstract 
The real nonegative eigenvalue problem is concerned with determining which n-tuples 
of real numbers are the spectrum of some n-by-n nonnegative matrix. Some questions 
are presented whose answer could help to characterize the boundary of this set, i.e.. 
the set of those spectra of nonnegative matrices which are not the spectrum of any posi- 
tive matrix. 0 1998 Elsevier Science Inc. All rights reserved. 
Keywords: Nonnegative matrices; Inverse eigenvalue problem 
1. Introduction 
The remarkable spectral properties of nonnegative matrices have attracted 
considerable attention since Perron [23] and Frobenius [9,10] published their 
seminal papers. The fact that nonnegative matrices appear naturally in many 
different mathematical areas, both pure and applied, such as numerical analy- 
sis, statistics, economics, social sciences, etc. (see [1,26,20] and references therein), 
has greatly spread this subject to a wide scientific community. 
One of the most intriguing problems in this field is the so-called nonnegativr 
inverse eigendue problem (see [19] Ch. VII, or [26] Section 2.5 for a brief his- 
torical overview). Its origin goes back to Kolmogorov [16], who in 1938 posed 
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the problem of determining which individual complex numbers belong to 
the spectrum of some n-by-n nonnegative matrix with its spectral radius 
conveniently normalized. A partial solution for stochastic matrices was given 
by Dmitriev and Dynkin [6,7], later to be completed by Karpelevich [14]. 
Kolmogorov’s problem was generalized in 1949 by Suleimanova [28], who 
posed what we may call the general nonnegative inverse eigenvalue problem: 
to determine which n-tuples of complex numbers are spectra of n-by-n nonneg- 
ative matrices with prescribed spectral radius. Some obvious necessary condi- 
tions are obtained from the Perron-Frobenius Theorem, from requiring the 
traces of all powers to be nonnegative, and from the information provided 
by Dmitriev, Dynkin and Karpelevich’s results for the single eigenvalue prob- 
lem. Further necessary of sufficient conditions, however, have proven to be 
harder to find. So far, only the case n = 3 has been completely solved, as a 
consequence of results proved independently by Johnson [12] and Loewy 
and London [18]. Taking a different point of view, Boyle and Handelman 
[4] have recently provided a complete characterization of the k-tuples of 
complex numbers which are the nonzero portion of the spectrum of some non- 
negative matrix (the issue of adding zeroes to a spectrum in order to make it 
attainable by a nonnegative matrix of higher dimension was first raised by 
Johnson [12]). 
The difficulty in dealing with the general problem has brought with it a split 
into several subproblems. Some authors, for instance, restrict the class of non- 
negative matrices to be considered (e.g. positive [21,15,3], symmetric 
[8,27,24,30,13,29], stochastic [6,7,28,5,12] or doubly stochastic [22,12]). Other 
authors relax the nonnegativity requirement on the matrix (see [l 11). However, 
the direction in which more progress has been made is the so-called real non- 
negative inverse eigenvalue problem (hereafter denoted by RNIEP), namely 
the problem of deciding upon the existence of a nonnegative matrix with pre- 
scribed real spectrum. In particular, the RNIEP has been solved for n < 4 (as 
a consequence of results in [28,21,25]). In fact, many of the references in this 
paragraph are devoted to the RNIEP, as is the present paper. Certain connec- 
tions among the different subproblems may be established: the stochastic prob- 
lem, for instance, is equivalent to the general problem once the spectral radius is 
required to be one (see [12]); on the other hand the real and symmetric prob- 
lems, which were suspected to be the same, have recently been shown not to 
be so (see [13]). 
2. Some questions related to the RNIEP 
Let N,,, and P,,, denote, respectively, the sets of entry-wise nonnegative 
and positive matrices of order n. Consider the sets: 
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~,“={(l.~1,...:3,,)E~“: (JVi(<l fori= . . . . . fl}, 
.t”‘={(l>n, ,... ,&)E.Y: ~~N~,,witha(A)={l,i2 ,.... i,}}. 
.Y”={(l./12> . . . . i.,,)~9”: ~i~P~,,witho(A)={l,i.z . . . . . J,,}}. 
.# = f “1 _ y. 
where o(A) denotes the spectrum of A. The RNIEP is concerned with charac- 
terizing the set I “I. We take as a starting point of our discussion the following 
elementary result: 
Theorem 1. !f’ ( 1, i2. . , in) E .A -n then(l,tiz3...~ti.,)E;/P”Jorez;eryO<t< 1. 
Proof. If (1~ i2, , An) E ..V” then there exists a column stochastic matrix S 
such that { 1, i2.. , in} is the spectrum of S (see [12]). Let J,, be the n by n 
matrix with all its entries equal to l/n. Then for each t E [0, 1) the matrix 
tS A (1 - t)J,, is a positive matrix with spectrum { 1, til, . . ~ tin,,}. ??
Theorem 1 implies that an and .Y” are, respectively, the boundary and the 
interior of ., 1 ‘n. In other words the boundary of L 1 ‘n is formed by all those 
(1~ 1.2. . , &,) E 9” for which { 1, AZ, . . . &} is the spectrum of some nonnega- 
tive matrix of order n, but not the spectrum of any positive matrix of order 
n. This includes so-called extreme spectra in the terminology of [17], i.e., points 
( 1 : j.2. , in) E ..1 ” such that for all c( > 0 the set { 1 - 2, i2 - X, . . , i,, - ct} is 
not the spectrum of any nonnegative matrix. One can show that it is enough to 
characterize extreme spectra or, alternatively, to determine the boundary ~9” of 
1.’ in order to solve the RNIEP. This is the approach taken in [17,3] and in the 
present paper. 
Recall that it (1,jb2!... , ,, 2 ) E .,I -n is such that i, = 1 for i = 2,. . . n then 
(1, i,. . , A,,) E 27 since any matrix A E N,,,, with o(A) = { 1, iMz. . A,?} is a 
reducible matrix by the Perron-Frobenius Theorem. Also, it 
(l,iz,. . . .j.n) E ..C”” issuchthat1+~Zf.~.+1~,,=Othen(l.3.2 . . . . . &,)g.iA” 
since the diagonal entries of any matrix A E N,,, with o(A) = { 1.2~~ . . j.,,} 
must be all zeroes. This suggests exploring as natural candidates to belong to 
~9” those points (1. i.?. . , i,,) E 2’ for which some subset of 
/t-(1.& ,..‘, &} 
satisfies some similar conditions, such as either two elements of n are equal or 
there exists some subset {1;, . , y\} c A with :j, + + ;‘,, = 0. This guess is 
further supported by the fact that the sufficient conditions given in 
[28,21,15,2] only involve sums of elements of ,4. Moreover. it is known for 
n = 3 and 4 that: 
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This readily suggests posing the following question. 
Question 1. Is it true that if (1, AZ, . . . , A,) E 93” then either there exist two equal 
elementsin~={1,~2,... , A,} or there exists some subset {y,, . . . , y,} of n with 
Yl + . . . + y,y = O? 
Note that a positive answer to Question 1 would provide a powerful result 
for the RNIEP: consider the intersection of the (n - 1)-dimensional cube 9” 
with the hyperplanes of KY given by: 
1 -xi =O with 2<i<n, 
xi-xj=O with 2<i<j<n, 
1 +Xi, +“. +X, = 0 with {il,. . . , is} C (2,. . , n}, 
xi, + . . .-tx,, = 0 with {il,..., is} C (2 ,..., II}. 
These hyperplanes divide 9” into polytopes, say Tl , . . , T,, with disjoint interi- 
ors. If the answer to Question 1 is affirmative then any (1, AZ, . . , An) lying in 
the interior of any polytope 7; satisfies (1, As, . . . , An) $ w” and therefore, argu- 
ing by continuity, given a fixed polytope 7; either all its interior points belong 
to 9’” or none of its interior points belong to M”. Note again that the sufficient 
conditions in [28,21,15,2] refer to unions of some of these polytopes. 
One can restrict the scope of Question 1 to the symmetric nonnegative in- 
verse eigenvalue problem, in the hope that having orthogonal eigenvectors 
and, in general, more structured matrices, may help to simplify Question 1 
(bear in mind, however, that the real and symmetric problems are different). 
Thus, we may consider the sets Y_F’, YY, and YB!” defined in the same 
way as Jlr”, Y’, and fl with the only difference being that the matrix A is sym- 
metric. The corresponding ‘symmetric’ version of Question 1 is as follows. 
Question 1’. Is it true that if (1, AZ,. . , An) E YL?#’ then either there exist two 
equal elements in /1 = { 1, &, . . , in} or there exists some subset 
{yi, . . , y,} c A with yr + . . . + ys = O? 
Let us now return to the RNIEP. Suppose the answer to Question I is neg- 
ative, and there are two points (1, 22, . . . , An) and (1, &, . . , /I,), belonging to 
the same polytope Z for some i = 1,. . , r with (1, )b2,. . . , A,,) E ,Y’” and 
(1,/k...> fl,) #J+‘““. As 9’ is an open subset of ??’ and (l,&,...,fln) does 
not belong to the adherence of Y’“, arguing by continuity there must be some 
cr~(O,l)suchthat(l-cc)(l,~~,...,~,)+~~(l,B~,...,B,)belongstotheboun- 
dary of 8”, that is, to 3?‘“. This readily suggests the problem of determining the 
nature of such a critical point. 
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Problem 2. Given (1, i.1, . . ,I,,)E~‘Zand(l,B2....~Bn)Eyn-.,1’”!determine 
somexE(O,l)suchthat(l-a)(l.& ,... >&)+M(l,/&: . . . . &)E.%“. 
We may use Theorem 1 to rephrase Problem 2 for the important case 
(1,3,1...., j.),) = (1.0, . . . . 0). 
Problem 2*. Given (1, fiz, . , fi,z) E 4” - .A “I determine the unigue r E (0, 1) 
such that ( l( c&. . , II@,) E .B” 
The following simple examples may be useful to illustrate the relationship of 
Problem 2* with Question 1: 
(i) The 5-tuple A1 = (1,1,-i,-&,-*) 
matrix with spectrum { 1, 1, - f , - $ i - $1 
is not in . I “, since a nonnegative 
would have to be reducible. Thus, 
it would have to contain two-complementary principal submatrices, one of 
them carrying two of the negative eigenvalues. On the other hand, consider 
112 = (l,~,-~.-~,-~)> which lies on the segment joining iii and 
(1.0,. ,O). The point A2 is in ,tp5 since {I,~.-&,-&,-~} is the spectrum ‘. 
of a nonnegative block-diagonal matrix with two diagonal blocks whose spec- 
tra are { 1. - & . - 5) and (2, - {}! respectively. Note that the interior points of 
the segment joining Al and A2 are included in the interior of one of the 
polytopes Z of d5. Note also that n2 is on the boundary of K since 
l-&+0. 
(ii) The 5-tuple ri = (l,$.$,-!, -6) . IS not in V5 since the third power of 
any matrix with spectrum { l,?, 6. -:! - 4) would have negative trace. 
However, r? = (I,$,$,-&>-;) is in U1”5 since {l,A,h.-A.-$} = 
{14-?F% u (6) and the first set satisfies Salzman’s condition (see 
[25]). Also in this case, the interior points of the segment joining ri and rl 
are included in the interior of one of the polytopes K of d5, and Tl is on the 
boundary of G since 1 + A - T8j - 5 = 0. 
If one could prove either A, @ 49’ or TZ @ J9’, this would provide a negative 
answer to Question 1. If, on the other hand, both points can be shown to be- 
long to .%‘, we believe this would help to get closer to the solution of RNIEP in 
the unsolved case n = 5. 
We end with a final question which may also help to decide Question 1. 
Suppose that Tz in example (ii) is shown to be in 9’ (thus providing a negative 
answer to Question 1). We recall that r2 had been chosen because four of 
its entries add up to zero. The fifth entry, A, being positive suggests considering: 
Question 3. Let (l,iLz ,..., &)~.,1^” with ]A,( < 1 for i=2 . . . . . n and 
A,,+, ~(O,l).Doesthisimply(1,J.~,...,1~~+~)~.Y””‘~ 
Again, a positive answer to Question 3 would imply a negative answer to 
Question 1. 
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